2 PAIR DISTRIBUTION FUNCTION FOR VARIOUS: - -

yields g(0)=- 0. 22 and without screening g(0)
=-0.07]. This appears to be completely unjustified,
however. We further note that Singwi’s!* “self-
consistent” dielectric function yields a g(#) much
better than ey, [i.e., less negative g(0)]. On the
other hand, in what Singwi calls the Hartree-Fock
limit his € reduces to € ;7. Because Langreth? has
proven €, is incorrect [see discussion following

Eq. (11)], Singwi’s € must be incorrect as well.

If Singwi’s self-consistency procedure could be
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corrected to yield €, in the Hartree-Fock limit,

it would undoubtedly yield an € far superior to any-
thing yet derived. !® Finally, we wish to emphasize
that just because the Kleinman-Langreth and Hub-
bard g(7) contain similar corrections to the RPA
g(7) does not mean they will give similar corrections
to other quantities. In fact, we have found that for
a given ionic pseudopotential they yield corrections
of opposite sign to the phonon frequencies of mag-
nesium calculated'® with €pp 4.

*Work supported in part by National Science Founda-
tion Grant No. GP-010745.

TResearch sponsored by the U. S. Air Force Office of
Scientific Research Office of Aerospace Research, under
Grant No. AFOSR 68-1507.
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The weak-scaling theory developed by the author is extended to facilitate contact with the

numerical results of Ferer et al.

His conclusions are consistent with their results, and

certain specific extensions of their numerical work are suggested by the analysis.

In a previous paper,® the author outlined the deri-
vation of a set of weak-scaling relations based up-
on the appearance of two correlation lengths, A and
£. The analysis rested upon an investigation of the
form of the density-density correlation function
F(¥) along the coexistence curve. In order to make
contact with the results of Ferer, Moore, and Wor-
tis? that hold along the critical isochore, as well
as our own techniques®* that involve F(¥) along the
critical isotherm, we extend here the discussion
given in Ref. 1.

We use the notation of Ref. 1, where we intro-
duced the function 3(¥,«) by assuming that along the
coexistence curve

F(F) = P(F), = f (er)/rt =@ 1)

Here F'=p?h, where & is the correlation function
discussed in our earlier work and p is the number
density. Letting M =|p—-p.|, so that M is propor-
tional (in spin language) to magnetization, we as-
sume that k=&~ M* along the coexistence curve
and that k~| T-7,|" when M=0and T > T,. As
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usual 7 is temperature, and the subscript ¢ will
refer to critical values throughout this paper. We
argued in Ref, 1 that for the Ising model, and also
for simple fluids, we might further expect to find
along the coexistence curve, for small «,

FE)-F(F),~M? for v<A, (2)
as well as

gF, k)~ q for < A, (3a)

G(¥, k)~ 0 for »> A, (3p)
where

g=d-t-2/¢ , (4)

A=k"% (5)

d-t-qg=0d-t)sd-t. (8)

It is worth noting that in the case of the spherical
model,’ one has instead of (3)

g(F, k) -q for r-1, (7a)

G(t, k) =0

where the lattice spacing has been taken as unity.
More generally, we anticipate (7) instead of (3) for
any systems® that satisfy the Ornstein-Zernike hy-
pothesis that the direct correlation function looks
like the pair potential V (¥) times (x7)! for V(¥)/kT
< 1.

Off the coexistence curve the argument that we
used to establish (2) in the Ising case is no longer
available, but it is reasonable to hypothesize that
the dominant contribution to F - F, for small 7 is
still a term proportional to M 2 as one approaches
the critical point along any straight line in the one-
phase region of the (M /%, A T) plane, Once we ac-
cept this assumption, together with the homogeneity
of k in MY® and AT, we are directly led by the ar-
gument of Ref. 1 to (4) and (6) along the critical
isotherm as well as along the coexistence curve.
Support for the assumption has been obtained as
follows: Using functional-expansion techniques
that we have previously developed,® and assuming
g(T, k) to be given by (3), we again find (6), but this
time for T=7,. Details of this derivation will be
given elsewhere?; the important point to make here
is that these details are independent of the argu-
ments of Ref. 1 that lead to (6) along the coexis-
tence curve. Taken alone, this result for 7= 7T,
does not guarantee that either # or g (which con-
ceivably could be functions of M and AT) will re-
main fixed as we pass from the coexistence curve
to the critical isotherm, but guarantees only that
if one of them is fixed, the other remains fixed
also. However, from the significance of £%° as the
characteristic fluctuation volume discussed in Ref,
7 we would expect 6 to remain fixed, and hence (4)

for r>1, (o)
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to remain valid on the critical isotherm, This is
consistent with the validity of (2) on the critical
isotherm and, more generally, on any straight line
in the single-phase part of the (M ‘/ﬁ, AT) plane that
passes through the origin. The form of (2) implies
that the critical isochore for 7> 7, may well be a
very special line in this connection, upon which the
otherwise dominant term in £~ £ for »~ 1 could
vanish (simply because M2 vanishes) leaving as the
most dominant term another term, presumably
still of the form

ﬁ‘_F;Nprp-d-l-td-E'o(?yk) (8)

but not necessarily with p =2/€ and §,(¥, k) =g(T, «).
In fact, there is direct evidence for p+ 2/€ since
in order for 8 F/8 T [, ,, to behave like the specific
heat c,, as we would expect it to do, we must have
p=(Q0-a)/vfor =~ 1. Ingeneral, however, (1 —a)/v
#2/€.

On the critical isochore, the power of » in (8) is
not constrained by our arguments to be zero for
small 7, as it was along the phase boundary. It is
precisely this power of 7, (1-a)/v-d+1+3,(T,«),
that Ferer ef al. investigated for the 3-d Ising mod-
el for small ¥ and ». They found it to be 0. 47+ 0.06,
and using their value of (1 -a)/v —d +¢, we find
that this yields go~ 1/7+1/14. Although they gave
results only for » <3, they argued that their results
indicated that for small k, (T, k) has an essential-
ly constant value over a range of 7 that includes
v >>1 as well as =~ 1, but they were unable to de-
duce the distance A, beyond which (¥, ) no longer
has this value. More generally, they were unable
to confirm the existence of any second correlation
length from their findings. The arguments of Ref.
1 and of this paper support their conclusion that
g, can be expected to be nonzero for a range of val-
ues over which » >1, and further suggests the fol-
lowing way in which the length A can be extracted
from their results: Mimicking the way A was in-
troduced in Ref. 1 along the coexistence curve,
one considers the A, at which the small-» and large-
7 form of F - F, are of the same order of magni-
tude, Thus, one sets

K(l-a)/uAO(l-a)/v-d+t+a0z Aot-d

to get
(1-60)/6p=q/(1-q), (9)

where ¢, is the value approached by g, as » -1 and
k-0,

Equation (9) defines the length A, in terms of g,
v, o, and k, Arguments were given in Ref. 1 using
Eq. (6) to show that along the coexistence curve,
(3a) and y = tv are compatible onlyif § <1, The same
arguments can be used for 7> 7,, M =0, herealong
with Eq. (9) to show that y=#v only if 6, <1, and
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that 6y=1 implies v = (¢ +go)v. The possibility re-
mains, however, that in the Ising model the (%, k)
given by Eq. (8) behaves like a nonzero constant
only for 7 near 1 with §,(¥,k)~0for 1 <7< A, In
this case Eq. (9) would no longer define a A, that
would manifest itself in any tangible way in the
structure of F — F,. This is precisely the situation
in the spherical-model case, where if d > 4, both
g(t, k) and go(F, k) for small k are d - 4 for »= 1 but
zero for » >1, Although we do not believe that the
situation is similar in the 3-d Ising case, there is
surely room for further clarification on this point.
What is strongly suggested to us by our analysis is
the application of the numerical methods of Ref. 2
to the 5-d spherical model, for which one knows
that gy~ 0 for » > 1 but gy~ 1 for = 1, The ques-
tion is: Will the numerical analysis reveal that
strong scaling of F(F) for »>1 is preserved, as
one knows it is, or will the gy~ 1 for »~ 1 mislead-
ingly suggest numerically that strong scaling has
been violated ?

A second question that the work of this paper
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raises is whether we can safely identify the A, and
6y of the critical isochorewith Aand 6, respectively,
The physical significance of 6 discussed in Ref. 7
suggests the identification, despite the fact that we
cannot safely identify ¢ with ¢;. If we do equate 6
and 6, we have from (9) and our earlier equations
that

qo=q(1-a)/2p . (10)

Taking @ =1/8, B =5/16, and using the values ¢
=3/50 and g = 1/12, which probably represent two
extreme possibilities,* we find qo=21/250 and ¢,
=17/60, respectively. These values are consistent
with the 1/7+1/14 from Ref. 2. Nevertheless, it
would clearly be valuable to have some more-or-
less direct numerical assessment of g that elimi-
nates the necessity of our going through (10) in or-
der to make contact with the rest of our scaling
relations,

I am indebted to D, Jasnow and M, A. Moore for
helpful conversations and correspondence.
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of State University of New York, Albany, N. Y.
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A previous calculation of the mathematical properties of a Kramers doublet for extrema of
the mean g value is extended to monoclinic symmetries. The theory is applied to the paramag-
netic resonance data for LaF;: Yb%*. These data are shown to be consistent with a Yb* site

of Cy, point symmetry.

In a recent paper, ! some mathematical properties

of an isolated Kramers doublet were derived for

the condition that the mean g value was an extremum.

The doublet wave functions were expressed as
linear combinations of free-ion states associated

with a single value of J; i.e.,
|a> :Z aMIJ’ M> ’
M

(1
8)=2 (-1 agls, ~my )



